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We propose a spectroscopic method to identify the nodal gap structure in unconventional super-
conductors. This method best suits for locating the horizontal line node and for pinpointing the
isolated point nodes by measuring polar angle (θ) resolved zero energy density of states N(θ). This
is measured by specific heat or thermal conductivity at low temperatures under a magnetic field.
We examine a variety of uniaxially symmetric nodal structure, including point and/or line nodes
with linear and quadratic dispersions, by solving Eilenberger equation in vortex states. It is found
that (A) the maxima of N(θ) continuously shift from the anti-nodal to the nodal direction (θn) as
a field increases accompanying the oscillation pattern reversal at low and high fields. Furthermore,
(B) local minima emerge next to θn on both sides except for the case of linear point node. These
features are robust and detectable experimentally. Experimental results of N(θ) performed on sev-
eral superconductors, UPd2Al3, URu2Si2, CuxBi2Se3, and UPt3, are examined and commented in
light of the present theory.
PACS numbers: 74.20.Rp, 74.25.Uv, 74.25.Ha, 74.25.Bt
I. INTRODUCTION
The zero energy quasi-particles (QPs) bound in a vor-
tex core play a crucial role in determining thermody-
namics at low temperatures in various Fermion super-
fluids.1,2 This is particular true for type II supercon-
ductors both conventional and unconventional where ex-
ternal field generates vortices accompanying low-lying
Fermionic QPs in each vortex core. The zero energy
density of states (ZDOS) produced by those QPs can be
probed by a variety of experimental techniques, which
sensitively reflects the underlying gap structure, in par-
ticular, the nodal structure. Their determination is a
foremost important task for identifying the unconven-
tional pairing symmetry.3,4
The nodes of the gap can be detected by low-field de-
pendence of the ZDOS. In contrast to full gap supercon-
ductors, in which the ZDOS is proportional to magnetic
field B owing to the density of vortices, the ZDOS in
nodal superconductors depends on
√
B.1 The field de-
pendence mostly comes from the Doppler shifted QPs
in the vicinity of the gap nodes where the gap is smaller
than the Doppler shift energy δE(k) = mvF(k)·vs. Here,
m is the electron mass, vF(k) is the Fermi velocity at k in
the momentum space, and vs is the supercurrent veloc-
ity perpendicular to the field. The Doppler shift energy
for nodal QPs depends on the directions of the Fermi ve-
locity near the nodes and the supercurrent, namely the
relative orientation of the nodal position and field direc-
tion. Therefore, the nodal positions are determined by
modulation of the ZDOS under rotating magnetic field.
In low field region, the ZDOS shows minima when field is
pointed to nodal directions,5 which is first demonstrated
by using the semiclassical Doppler shift method.6 The
oscillation of the ZDOS for nodal gap structures is quan-
titatively clarified by the microscopically based quasi-
classical theory with the Kramer–Pesch approximation
(KPA)7 which is valid under low fields.
Under high fields, the oscillation of the ZDOS should
be reversed owing to the lowest upper critical field Bc2
when field is pointed to nodal directions8 [Fig. 1]. The
crossover from the minima to the maxima of the ZDOS
by magnetic field is demonstrated by the quasiclassical
theory with the Brandt–Pesch–Tewordt (BPT) approxi-
mation9,10 which is valid under high fields near Bc2. The
origin of the ZDOS inversion is QP scattering by mag-
netic field10 which is lacked in the semiclassical Doppler
shift method.
Thanks to the established theory, the azimuthal an-
gle resolved density of states (DOS) measurements via
either specific heat4 or thermal conductivity3 are avail-
able to determine position of vertical line nodes. This
method5,8–13 is quite effective to identify and distinguish
the dx2−y2 nodal structure from the dxy symmetry, for
example, by checking the sign change of the four fold
oscillation pattern in the temperature and field space.14
In contrast, there has been no established experimental
method to detect horizontal line node positions or point
nodes on the pole in momentum space. The information
concerning the uniaxially symmetric gap structures from
the polar angle resolved ZDOS seems to be concealed by
Fermi surface anisotropy in typical tetragonal or hexag-
onal superconductors. Even for the non-uniaxially sym-
metric gap structures, we cannot readily distinguish be-
tween vertical line nodes and point nodes on the basal
plane by the polar angle dependence of the ZDOS in low
field region.7 Note that the determination of positions
of point node for YNi2B2C was achieved by the ZDOS
2FIG. 1. Schematic figure of ZDOS as a function of B for
two directions. CR indicates the crossing field of two ZDOS
curves. The oscillation pattern of N(θ) at a fixed field is
reversed at around BCR. (a) A line node at the equator and
(b) point nodes at two poles in momentum space.
analysis considering a realistic Fermi surface obtained by
a band calculation.15,16
This situation is contrasted with topological insula-
tors or semimetals where angle resolved photoemission
spectroscopy is powerful enough to directly map out the
whole momentum space for Dirac or Weyl nodes.17 In
particular it seemed difficult to pinpoint the point node
position in spite of the recent intriguing proposals of
Dirac and Weyl superconductors with linear or higher
point nodes.18–21 This is only indirectly inferred from
bulk thermodynamic measurements. The difficulty of de-
tection of point nodes is compounded by the fact that it
often coexists with line nodes such as in gap function
φ(k) ∝ (kx+ iky)kz in which line nodes overwhelm point
nodes in bulk thermodynamics.
In this paper, we aim to establish a spectroscopic
method to detect point or/and horizontal line nodes by
showing that the polar angle (θ) resolved ZDOS N(θ)
contains valuable information on the nodal gap struc-
ture. As schematically shown in Figs. 1(a) and 1(b) for
typical horizontal line node and polar point node struc-
tures, respectively, on the Fermi sphere, N(θ = 0◦) and
N(θ = 90◦) are generically crossed as a function of B.
Thus the minimum and maximum positions of N(θ) un-
der a fixed B are reversed at the crossing field BCR.
Around this field the N(θ) pattern sensitively reflects the
underlying nodal structure as we see below.
Indeed, the recent polar angle resolved specific heat
measurements can detect a horizontal line node and
point nodes in URu2Si2
22 and a horizontal line node in
UPd2Al3.
23 There have been only a few such systematic
measurements in spite of the fact that nowadays those an-
gle resolved measurements have become a standard ex-
perimental technique. It is our aim that we shed new
light to the polar angle resolved ZDOS measurements
and clarify their usefulness and limitations.
II. QUASICLASSICAL EILENBERGER
THEORY AND KRAMER-PESCH
APPROXIMATION
The polar angle resolved ZDOSN(θ) is microscopically
derived by the quasiclassical Eilenberger theory.24 This
framework is valid for superconductors with kFξ ≫ 1
where kF is the Fermi wave number and ξ is the coher-
ence length, which is fulfilled by most superconductors
of interest except perhaps for the high-Tc cuprates. This
framework is specially powerful for extracting the in-
ternal QP structure of the vortex lattice state in type
II superconductors. The QP state is obtained from
the quasiclassical Green’s functions g ≡ g(k, r, ωn), f ≡
f(k, r, ωn), and f ≡ f(k, r, ωn) depending on the direc-
tion of the Fermi momentum k, the center-of-mass coor-
dinate r for the Cooper pair, and Matsubara frequency
ωn = (2n+1)pikBT with n ∈ Z. They are calculated in
a unit cell of the triangle vortex lattice by solving the
Eilenberger equation
{ωn + vF(k) · [∇+ iA(r)]} f = ∆(k, r)g,
{ωn − vF(k) · [∇− iA(r)]} f = ∆∗(k, r)g, (1)
where g = (1−ff)1/2, Re[g]> 0, and the order parame-
ter consists of the gap value ∆(r) and the gap function
φ(k) as ∆(k, r)≡∆(r)φ(k). Instead of the rotation of
magnetic field, we regard the Fermi velocity on the Fermi
sphere as vF(k) = vFRˆ
−1(θ)k, where Rˆ(θ) is a rotation
matrix through the polar angle θ about the y-axis. Then,
the magnetic field B=(0, 0, B) is fixed to the z-direction
and the vector potential is given by A(r) = 12B×r in
the symmetric gauge. Here, we assume the extreme type
II superconductors with the large Ginzburg–Landau pa-
rameter. The unit vectors of the triangle vortex lattice
are given by u1=(l, 0, 0) and u2=(
1
2 l,
√
3
2 l, 0), where the
lattice size is fixed by
√
3
2 l
2B=φ0 with the flux quantum
φ0.
The gap value is obtained by
∆(r) = kBT
∑
0<ωn≤ωc
g0NF
〈
φ∗(k)(f + f∗)
〉
k
(2)
where 〈· · · 〉k indicates the Fermi surface average. The
coupling constant g0 and the DOS in the normal
state NF have the relation (g0NF)
−1 = ln(T/Tc) +
kBT
∑
|ωn|≤ωc ω
−1
n , where Tc is the transition tempera-
ture. Here, we use the energy cutoff ωc = 20kBTc. We
self-consistently calculate the quasiclassical Green’s func-
tions and the gap value ∆(r) under a given unit cell
of the triangle vortex lattice with the periodic bound-
ary condition including the phase factor due to the mag-
netic field.25–27 Although the vortex lattice configuration
is distorted from an equilateral triangle when magnetic
field is tilted from the c-axis for uniaxially symmetric gap
functions, we can safely neglect the deformation because
it is small unless the high field or high temperature region
even for a two-fold symmetric gap function.28
3When we calculate the QP state, we solve Eq. (1) under
the self-consistent gap value ∆(r) with iωn→E+iη. The
momentum-resolved DOS is given by
Nk(E)=NF〈Re [g(k, r, ωn)|iωn→E+iη]〉r, (3)
where 〈· · · 〉r indicates the spatial average in the unit cell
of the vortex lattice. Here, we typically use the smear-
ing factor η=0.003pikBTc. The DOS is obtained by the
Fermi surface average of the momentum-resolved DOS
as N(E)= 〈Nk(E)〉k. We focus on the ZDOS N(E = 0)
and momentum-resolved ZDOS Nk(E = 0) when field is
tilted from the c-axis with the polar angle θ. The ZDOS
and momentum-resolved ZDOS are abbreviated to N(θ)
and Nk(θ), respectively.
We should confirm the robustness of features in the
polar angle resolved ZDOS N(θ) against Fermi surface
anisotropy because our aim is to single out nodal infor-
mation from N(θ). However, since it is too heavy to
solve the Eilenberger equation self-consistently for sev-
eral anisotropic Fermi surfaces, we use the Kramer–Pesch
approximation (KPA)7,16,29,30 which is valid under low
fields. Within the KPA, we can obtain a reasonable so-
lution of Eq. (1) without a heavy numerical calculation.
In the KPA with the Riccati formalism, a one-vortex so-
lution of Eq. (1) is given by30
N(r, E = 0)
NF
=
〈
v⊥(k)e−u(s)
piC(y,k)
η
E2(y,k) + η2
〉
k
, (4)
where v⊥(k) is a projection of vF(k) into the plane
perpendicular to the field and (s, y) is a coordi-
nate of the plane in v⊥(k). When we parameterize
∆(r) = f(s, y)eiφr with an angle φr around a vortex,
u(s), C(y,k), and E(y,k) can be expressed by f(s, y) and
given analytically for an appropriate f(s, y). Note that
in the one-vortex approximation, we cannot take into ac-
count vortex lattice formation and the magnetic field ef-
fect only appears as an integral radius of 〈N(r, E = 0)〉r.
We confirm that KPA results coincide qualitatively with
those by the Eilenberger full solution.
The Fermi surface anisotropy of a uniaxial supercon-
ductor is introduced by the anisotropy parameter Γ0 de-
fined by
Γ0 ≡
√
〈vab(k)2〉k
〈vc(k)2〉k , (5)
where vab(k) and vc(k) are the Fermi velocity along the
ab-plane and the c-axis, respectively. Within the effective
mass model, the polar angle dependence of the Fermi
velocity is described by
vF(θ)
vF(0◦)
=
√
Γ20 sin
2 θ + cos2 θ. (6)
For the isotropic superconducting gap, the Fermi sur-
face anisotropy leads to the anisotropy of the upper crit-
ical field as
Bc2(θ)
Bc2(90◦)
=
1√
Γ20 cos
2 θ + sin2 θ
. (7)
Since the ZDOS is linear in B at low fields, each N(θ)
points to its own Bc2(θ) by one to one correspondence.
At a given B, N(θ) behaves inversely proportional to
Bc2(θ) except for higher fields where non-linear behavior
becomes apparent,31 namely
N(θ)
N(90◦)
=
√
Γ20 sin
2 θ + cos2 θ. (8)
It is clear that N(θ)/N(90◦) is independent of B at least
in low fields and monotonic function of θ, which is not
universal for nodal gap structures.
For uniaxially symmetric nodal gap structures, the up-
per critical field depends on the general anisotropy pa-
rameter Γ as
Bc2(θ)
Bc2(90◦)
=
1√
Γ2 cos2 θ + sin2 θ
, (9)
where Γ is defined by
Γ ≡
√
〈[φ(k)vab(k)]2〉k
〈[φ(k)vc(k)]2〉k . (10)
In the KPA calculations, the change of the coherence
length in the plane perpendicular to the field is estimated
by the relation:
Γ =
Babc2
Bcc2
=
ξab
ξc
, (11)
where B
ab(c)
c2 and ξab(c) are the upper critical field and the
coherence length along the ab-plane (c-axis), respectively.
III. POLAR ANGLE RESOLVED ZDOS
A. Self-consistent results by the Eilenberger theory
First, we show the polar angle resolved ZDOS obtained
from the self-consistent calculation using the Eilenberger
theory. Figures 2(a), 2(b), and 2(c) show the ZDOS for
the gap functions φ(k) ∝ k2z , k2z(k2x+k2y), and kz(kx+iky),
respectively, at T = 0.2Tc. We first focus on Fig. 2(a)
for φ(k) ∝ k2z with a quadratic line node case. Start-
ing with N(0◦) > N(90◦) at low fields, N(θ) evolves and
changes its oscillation patterns upon increasing B, which
is scaled by the Eilenberger unit B0 = φ0/2piξ
2. The os-
cillation pattern is reversed, namely N(0◦) < N(90◦) at
higher fields through N(0◦) = N(90◦), corresponding to
the crossing field (CR) in Fig. 1. During this field evolu-
tion the global maximum denoted by MAX in Fig. 2(a)
continuously moves towards θ = ±90◦ from θ = 0◦. It is
4FIG. 2. Field evolutions of polar angle resolved ZDOS normal-
ized by the normal DOS NF for (a) φ(k) ∝ k
2
z, (b) k
2
z(k
2
x+k
2
y),
and (c) kz(kx+iky). The magnetic field is scaled by the Eilen-
berger unit B0 = φ0/2piξ
2.
understood that the oscillation reversal is driven by mov-
ing the global maxima, or the “MAX structure”. The
moving MAX structure in the oscillation reversal fields
is more noticeable for the hybrid nodal gap structures:
φ(k) ∝ k2z(k2x + k2y) with quadratic point nodes and a
quadratic line node in Fig. 2(b) and φ(k) ∝ kz(kx + iky)
with linear point and line nodes in Fig. 2(c).
In addition to the MAX structure, we can see the local
minima denoted by MIN just near θ = 90◦ in Fig. 2(a).
This “MIN structure” just near the line nodal position is
commonly seen in Figs. 2(b) and 2(c) albeit the visibility
and field region depend on the nodal structure. Generally
the MIN structure in the quadratic line node case is easier
to see than that in the linear line node case as found by
the comparison of Figs. 2(a) and 2(c). This is simply
because the amount of the excited QPs is larger in a
quadratic line node than that in a linear line node.32
Thus far, we have found the two common features in
N(θ): (A) the moving global maxima, MAX structure,
and (B) the local minima just near the node, MIN struc-
ture. Those findings are non-trivial to understand from
simple Doppler shift picture.1,5 In what follows we dis-
cuss the physical origins in terms of the QP picture to
check their generality and limitations. For the qualitative
comprehension, the ZDOS estimated from the order pa-
rameter in the vortex state described only by the lowest
Landau level,10
N(E = 0) ≈
〈[
1 + 2
(
2Λ∆(k)
v⊥(k)
)2]− 12〉
k
=
〈[
1 +
1
4z2
(
φ(k)
v⊥(k)/vF
)2]− 12〉
k
, (12)
is helpful, where z ≡ vF/(4
√
2Λ∆) ∼ ξ/Λ ∼
√
B/Bc2
FIG. 3. Momentum-resolved ZDOS Nk(E = 0) on the Fermi
sphere for φ(k) ∝ k2z . The arrows indicate the field direction.
(a) B=0.01, θ=0◦, (b) B=0.01, θ=90◦, (c) B=0.1, θ=0◦, and
(d) B=0.1, θ=90◦
with the distance Λ between vortices.
The oscillation pattern reversal has been clarified by
the quasiclassical theory with the BPT approximation,
which is due to the QP scattering by magnetic field.10
It is confirmed from the momentum-resolved ZDOS
Nk(E = 0) for φ(k) ∝ k2z , as shown in Fig. 3. At low
fields, the spectral weight from the line node for B ‖ c
in Fig. 3(a) overwhelms that for B ⊥ c in Fig. 3(b), re-
sulting in N(0◦) > N(90◦). The zero energy QPs appear
in the narrow region around the equator. For B ⊥ c
in Fig. 3(b), the momentum space region around the
field direction is prohibited from the QP excitations be-
cause the Doppler shift energy δE(k) = mvF(k) · vs is
small. This is perfectly matched with the simple Doppler
shift picture.1,5 On the other hand, the zero energy QPs
are excited beyond the nodal region at high fields. At
high fields, since z in Eq. (12) becomes order unity, fi-
nite ∆(k) region contributes to the ZDOS except for the
vicinity of the field direction with small v⊥(k). There-
fore, the excited region is more enlarged for B ⊥ c
[Fig. 3(d)] than B ‖ c [Fig. 3(c)]. This implies not only
N(0◦) < N(90◦), but also Bac2 < B
c
c2. This explanation
holds for other nodal structures, including the point node
case [see Fig. 6].
The moving global maxima, MAX structure (A) ac-
companies the oscillation pattern reversal. For the hy-
brid nodal gap with point and line nodes in Figs. 2(b)
and 2(c), the MAX structure is clearly seen because the
QP scattering by magnetic field is enhanced especially
around the point nodes when field is tilted from the c-
axis.22 Even for φ(k) ∝ k2z with a line node in Fig. 2(a),
the slight MAX structure is seen near the crossing field.
The point node case also shows the MAX structure as
mentioned below [see Fig. 6]. Thus, the MAX structure
(A) is universal; however, that has not been reported by
the azimuthal angle resolved experiment. For instance,
the azimuthal angle resolved ZDOS for dx2−y2 nodal
structure on the cylindrical Fermi surface is estimated
from Eq. (12), in which the crossing field corresponds
to z ≈ 0.63.10 The estimated ZDOS shows the moving
5FIG. 4. Weighted ZDOS sin θkNθk (E = 0) for selected field
angles for φ(k) ∝ k2z at B = 0.03. Inset shows schematic
configuration of the line node on the Fermi sphere and two
field directions 75◦ (black arrow) and 90◦ (white arrow) with
two integration paths over φk for θk = 5
◦ (small circles) and
45◦ (large circles).
global maxima in field region 0.60 < z < 0.67 although
the ratio N(φmin)/N(φmax) . 0.993, where φmax(min)
is the azimuthal angle gives the maximum (minimum)
ZDOS. The oscillation of the ZDOS including the MAX
structure less than 1% is too small to detect the MAX
structure. In contrast, the oscillations of the polar an-
gle resolved ZDOS for φ(k) ∝ k2z(k2x + k2y) at B = 0.05
[Fig. 2(b)] and for φ(k) ∝ kz(kx + iky) at B = 0.1
[Fig. 2(c)] are about 3.6% and 2.4%, respectively.
The physical understanding of the appearance of
the minima near the nodal position, MIN structure
(B), is explained in Fig. 4 where the weighted ZDOS
sin θkNθk(E = 0) is shown for the selected θ values of
φ(k) ∝ k2z at B = 0.03. As shown in Fig. 2(a), the MIN
structure is clearly seen at θ ≈ 75◦ in this field. Here,
Nθk(E = 0) ≡ 12pi
∫ 2pi
0
dφkNk(E = 0) and θk is measured
from the field direction. Note that the area under each
curve yields N(θ)/2, which corresponds to the maximum
in N(0◦) in this field. It is seen from Fig. 4 that the
largest contribution comes near θk = 90
◦ for θ = 0◦ case,
namely around the line node.
The occurrence of the MIN structure is understood by
comparing two curves for θ = 75◦ and θ = 90◦ in Fig. 4.
As emphasized by the shaded region, the main area dif-
ference which ultimately results in the local minimum at
θ ≈ 75◦ comes from those small θk’s. The deficiency of
the area for θ = 75◦ compared with that for θ = 90◦
is easily found by looking at the inset where two inte-
gration paths over φk at θk=5
◦ (small circles) and 45◦
(large circles) for two field directions, θ = 90◦ and 75◦
indicated by arrows. The white small circle for θ = 90◦
is situated inside the belt around the line node where
the excitable QPs are abundant while the black small
circle for θ = 75◦ just misses to hit this region. In con-
trast, the two larger white and black circles for higher
θk give similar contributions to ZDOS. Note that the re-
gion with the excited QPs, schematically depicted as a
belt around the line node, is enlarged by increasing the
magnetic field. Then, the polar angles giving the local
minima shift apart from the nodal direction by increasing
B, as shown in Fig. 2(a).
We have explained the occurrence of the MIN structure
just near the nodal direction for the quadratic line node
case in Fig. 2(a). As anticipated by the above physical
reasoning, the MIN structure can be seen in other nodal
structures. Indeed we can see it in Figs. 2(b) and 2(c) for
the hybrid nodal cases with point and line nodes and also
isolated linear line node case in Fig. 5. The MIN struc-
ture is also present for the quadratic point node case [see
Fig. 6]. Moreover, the MIN structure in thermal conduc-
tivity was reported by the model calculation in multi-
band nodal superconductors.33 Thus it is quite universal
and robust against possible complications as discussed
next.
B. Confirmation with the Kramer–Pesch
approximation
Here, we confirm the robustness of our assertion con-
sisting of (A) the MAX and (B) the MIN structures as-
sociated with the nodal gap. In order to check that, we
examine various cases by the quasiclassical theory with
the KPA, such as the Fermi velocity anisotropy or topol-
ogy of the nodal gap structure, including the linear or
quadratic point nodes. We also examine off-symmetric
nodal structures.
1. Fermi surface anisotropy
The anisotropy of the Fermi velocity is taken into ac-
count by modifying the effective masses for two perpen-
dicular directions, ab- and c-axes, resulting in the de-
formed Fermi surfaces depending on the anisotropy pa-
rameter Γ0 = vab/vc. We examine two Fermi surface
cases, a cigar type elongated along the c-axis where the
anisotropy parameter becomes larger than unity (Γ0 =
1.2) and a spheroid type with the anisotropy parameter
smaller than unity (Γ0 = 0.71). Those Fermi surface
models are conveniently evaluated by the KPA,29,30 giv-
ing the results shown in Fig. 5 for the horizontal linear
line node φ(k) ∝ kz. The MIN structure in the Fermi
sphere case [Fig. 5(b)] is hard to see compared to that
for φ(k) ∝ k2z with a quadratic line node in Fig. 2(a) be-
cause the QP excited area around the node is narrow for
the linear line node.32 Then, the polar angles giving the
local minima are very close to θ = 90◦, which shift apart
in high fields. Even for the linear line node case, how-
ever, the MIN structure is clearly seen in cigar type Fermi
surfaces, as shown in Fig. 5(a). The anisotropy param-
eter Γ0 = vab/vc > 1 provides the enlarged QP excited
area around the line node, which is schematically shown
in the inset of Fig. 4. Then, the MIN structure is clear
for cigar type Fermi surfaces; in contrast, that is unclear
for spheroid type Fermi surfaces as shown in Fig. 5(c).
6FIG. 5. Field evolutions of N(θ) within the KPA for three
Fermi surfaces, cigar (a), sphere (b), and spheroid (c) corre-
sponding to the anisotropy parameters Γ0 = 1.2, 1, and 0.71,
respectively. The linear line node is on the equator.
Also the MAX structure is easily observed in cigar type
Fermi surfaces owing to the extension of the field range
where the oscillation pattern is reversed. Although the
visibility of the MAX and MIN structures depends on the
Fermi velocity anisotropy, all our recognized features are
present and robust against the anisotropy.
We should notice a situation carefully when we try to
detect the nodal gap structure experimentally. As shown
in Fig. 1 schematically, the two N(θ) curves generically
cross at a certain field BCR for the isotropic Fermi veloc-
ity. For the horizontal line node (polar point nodes) case,
as the Fermi velocity anisotropy Γ0 increases (decreases)
by modifying the Fermi sphere to the cigar (spheroid)
type, the crossing field CR shifts to higher field region
and at a certain Γ0 it disappears. (The opposite case is
not problematic since it preserves the CR, shifting it to
lower B; thus, in principle we can have a CR always.) In
this situation it becomes hard to see the MAX (A) and
MIN (B) structures because those could be observed in
the field region where two values of N(0◦) and N(90◦)
are comparable.
2. Linear and quadratic point nodes
Here we show the comparison of two cases with linear
and quadratic point nodes on the Fermi sphere, namely
φ(k) ∝
√
k2x + k
2
y and φ(k) ∝ k2x + k2y in Figs. 6(a) and
6(b), respectively. For both cases the MAX structure
is present. It is seen that the minima just near θ = 0◦
appear for the quadratic case in certain field region while
they are absent for the linear case. This enables us to
distinguish those two point nodal structures owing to the
different amount of the nodal QPs.
In order to observe the distinctive MIN structure (B)
which is able to pinpoint the nodal position in momen-
FIG. 6. Field evolutions of N(θ) within the KPA for the linear
point nodes φ(k) ∝
√
k2x + k2y (a) and quadratic point nodes
φ(k) ∝ k2x + k
2
y (b).
tum space, it is advantageous for the node to have larger
amount of the QPs.32 Then, it is possible to see the MIN
structure for the quadratic point node as demonstrated in
Fig. 6(b); however, the MIN structure is absent around
the linear point node as shown in Fig. 6(a). This re-
mark is specially important because there is no alterna-
tive spectroscopic method to pinpoint the point node in
momentum space, in view of the recent various interest-
ing predictions18–21 as for Dirac node andWeyl node with
the linear or higher order dispersion in topological super-
conductors. Moreover, the order of the dispersion can be
known from presence or absence of the MIN structure.
In contrast, the hybrid gap consisting of the point
and line nodes in Figs. 7(a) and 7(b) corresponding to
Figs. 2(c) and 2(b), respectively, does not show the MIN
structure associated with the point nodes because the co-
existing line node overwhelms point nodes. Meanwhile,
the MAX structure is easily seen in the hybrid gap owing
to the extension of the field range where the oscillation
pattern is reversed. The extension of the field range is
similar to the solely line node case on cigar type Fermi
surfaces [Fig. 5(a)]; however, the visibility of the MIN
structure associated with the line node is not improved
in the hybrid gap which is contrasted to the Fermi surface
anisotropy.
3. Off-symmetric nodes
We examine the MIN structure for the linear line
nodes which is situated at off-symmetric positions in mo-
mentum space, namely away from the equator on the
7FIG. 7. Field evolutions of N(θ) within the KPA for the linear
point and line nodes φ(k) ∝ kz
√
k2x + k2y (a) and quadratic
point and line nodes φ(k) ∝ k2z(k
2
x + k
2
y) (b).
Fermi sphere. As seen from Fig. 8 for the gap function
φ(k) ∝ (5k2z − 1), the MIN structure is clearly demon-
strated. However, a pair of local minima associated
with one linear line node around θn is not seen, where
|θn| = cos−1(1/
√
5) ≈ 63◦ is the polar angle for the line
node. A local minimum on the equator side of θn is left
but that on the pole side is concealed by the MAX struc-
ture. Finally, the remaining local minimum is wiped off
by the moving maximum toward θ = 90◦ in high fields.
Thus it is understood that in order to clearly see a
pair of local minima, the position of the MAX structure
should be situated apart from the concerned node. This
is one reason why, in the hybrid gap consisting of the
quadratic point and line nodes shown in Fig. 2(b), the
MIN structure associated with the quadratic point node
near θ = 0◦ is difficult to be resolved.
IV. CONSIDERATIONS ON EXPERIMENTS
We discuss probable nodal structures for UPd2Al3,
23
URu2Si2,
22 CuxBi2Se3,
34 and UPt3,
35 in which the polar
angle resolved specific heat or thermal conductivity mea-
surement was performed recently, based on our finding
features: (A) the moving MAX structure and (B) the lo-
cal MIN structure just near the node. Note that the am-
plitude of the ZDOS oscillation with the local MIN struc-
ture at θMIN is estimated as N(θMIN)/N(θ = 0
◦) = 0.984
and N(θMIN)/N(θ = 90
◦) = 0.996 for the quadratic
line nodal structure in Fig. 2(a) at B/B0 = 0.03. For
the quadratic point nodal structure in Fig. 6(b) calcu-
lated with the KPA, N(θMIN)/N(θ = 0
◦) = 0.994 and
FIG. 8. Field evolution of N(θ) within the KPA for the off-
symmetric line nodes φ(k) ∝ (5k2z − 1).
N(θMIN)/N(θMAX) = 0.988 at B/B
c
c2 = 0.25, where
θMAX is the polar angle giving the maximum of the
ZDOS. Thus, although the MIN structure is marginal to
the detection in experiments, the flat-bottomed ZDOS
around the node will be observed at least. The smaller
MIN structure near a linear line node shown in Fig. 5 can
be hardly detected except on a cigar type Fermi surface.
A. UPd2Al3
The heavy fermion superconductor UPd2Al3 has been
investigated by Shimizu et al.23 This is a good system
to check our proposal. The experimental data of the θ
rotation of the specific heat C/T at lower temperatures
exhibit the following characteristics in the oscillation pat-
terns: (1) In low fields the oscillation patterns of C/T
show a maximum at θ = 0◦ and monotonically decreases
towards θ = 90◦. (2) The maximum of the oscillation
patterns at θ = 0◦ gradually moves to higher angles with
increasing field. Thus there appear two local minima at
θ = 0◦ and θ = 90◦. (3) In further high fields this maxi-
mum reaches at θ = 90◦. The oscillation pattern becomes
a monotonic curve whose minimum (maximum) situated
at θ = 0◦ (θ = 90◦). Thus the oscillation pattern is
reversed between lower field and higher field ones.
Those three characteristics observed in UPd2Al3 are all
reproduced by the present calculations for the horizontal
linear line node case shown in Fig. 2(c). Thus we can
conclude that the nodal structure of UPd2Al3 has a linear
line node at least by the following reasons: (I) According
8to Shimizu et al.,23 the azimuthal angle φ rotation of C/T
exhibits no detectable oscillation, indicating that there is
no vertical line node. (II) Since the local minima or flat
bottom near θ = 90◦ is not observed, horizontal node
must be a linear line node, rather than a quadratic one.
(III) As for the possible point nodes at the poles, it is
difficult to discern the local minima at θ = 0◦ in view of
the accuracy of the experimental data. Thus we cannot
say whether there exists points nodes at the poles or not.
From these arguments, we may conclude that the chi-
ral d-wave pairing (kx + iky)kz is most likely. It is for-
tunate that the whole oscillation patterns predicted by
the present calculations are realized in UPd2Al3. One
possible reason is the small Bc2 anisotropy B
c
c2/B
ab
c2 ∼ 1
in this system.
B. URu2Si2
Kittaka et al.22 have performed the θ rotation of the
specific heat experiment on a heavy fermion supercon-
ductor URu2Si2. In low fields the oscillation patterns ex-
hibit a maximum at θ = 0◦ and a minimum at θ = 90◦.
As the field increases, a shoulder or kink structure ap-
pears at θ ∼ 45◦, reminiscent of the local maximum as-
sociated with the horizontal line node as seen from Fig.
2(c). Upon further increasing field, the oscillation pat-
tern becomes a simple monotonic one with the maximum
at θ = 0◦. This simple pattern persists up to Bcc2.
The absence of the oscillation pattern reversal is due
to the strong Bc2 anisotropy where B
c
c2 is suppressed
by the Pauli paramagnetic effect. This resembles the
case explained in Sec. III.B.1 where the crossing field
disappears because the elongated Fermi surface makes
the crossing field move to higher field. Nevertheless, it
is remarkable to observe the shoulder structure, which
comes from the nodal gap structure associated with a
horizontal line node. Since there are no local minima
or flat bottom near θ = 90◦, the quadratic line node is
unlikely. Thus the chiral d-wave (kx + iky)kz is the most
probable pairing state.
C. CuxBi2Se3
Recently the angle resolved specific heat experiment
on a possible topological superconductor CuxBi2Se3 has
been reported and concluded that the two point nodes or
gap minima exist on the kx-direction.
34 By the exchange
between the kz- and kx-directions, this situation is iden-
tical to our point node model shown in Fig. 6. As men-
tioned, if the point nodes exist on the Fermi sphere, the
oscillation patterns must be reversed as the field varies.
In addition, the local minima may appears at θ = 0◦
for the quadratic point node case. Neither those features
were observed by Yonezawa et al.,34 where the same os-
cillation patterns persists for all fields up to Babc2 in low
temperatures. Thus although the observation of the two-
fold oscillation pattern for the basal plane in the hexago-
nal crystal is remarkable whose origin remains unknown,
we cannot support their conclusion that this two-fold os-
cillation is due to the point nodes or gap minima from
the present calculations. Since the oscillation patterns
are independent of the field value, it simply comes from
the Babc2 anisotropy within the basal plane probed.
D. UPt3
On the multi-phased heavy fermion superconductor
UPt3, the field angle resolved thermal conductivity mea-
surement has been performed.35 In addition to the re-
markable two-fold oscillation patterns for the basal plane
in the C-phase, the minima of the thermal conductivity
are clearly observed at θ ∼ 20◦ and 160◦ in the B- and C-
phases [see Fig. 3 in Ref. 35]. This may be an indication
of the quadratic point nodes36,37 or the off-symmetric
line nodes.28
V. SUMMARY
We have proposed a spectroscopic method to probe the
nodal gap structure and to pinpoint a nodal position in
momentum space by measuring the polar angle resolved
ZDOS N(θ) via specific heat or thermal conductivity at
low T . The method is based on detection of the zero
energy quasi-particles accumulated in the gap nodes in
momentum space or equivalently bounded in the vortex
core in real space. The ZDOS N(θ) exhibits the follow-
ing features in a field range where the oscillation pat-
tern is reversed: (A) “MAX” structure, the global max-
ima in N(θ) drives this reversal, and (B) “MIN” struc-
ture, the local minima appear just near the angle of the
nodal position in momentum space. Those features are
analyzed by quasiclassical Eilenberger theory beyond a
simple Doppler shift picture and are explained clearly in
terms of the microscopic quasi-particles with zero energy
in momentum space.
Thus, polar angle resolved measurement provides in-
formation on the nodal structure in typical tetragonal or
hexagonal superconductors in addition to temperature
and field dependence of specific heat or thermal con-
ductivity. Unless the oscillation reversal of the ZDOS
is wiped off by the Fermi surface anisotropy, (A) the
MAX structure and (B) the MIN structure or the flat-
bottomed ZDOS around the node will be observed. It is
our hope that this spectroscopic method helps determin-
ing the pairing symmetry through the nodal gap struc-
ture in various unconventional superconductors and pin-
pointing the momentum space position of Dirac node and
Weyl node in newly coming topological superconductors.
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